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Fig. 4. The response of the performance functionJ(u ).

function has almost only one peak. This means that the decreasing di-
rection for the entropy is toward having a narrow shape of the output
probability density function. This is in line with the theoretical anal-
ysis as a small entropy means the uncertainty of the output is small,
which indicates that the shape of the output probability density func-
tion is narrow. The response of the performance function is shown in
Fig. 4, where it can be seen that a monotonically decreasing ofJ(uk)
has been achieved. This shows the effectiveness of the proposed con-
trol algorithm (22).

VI. CONCLUSION

In this note, the entropy concept has been applied to the design
of controllers for general stochastic systems subjected to arbitrary
bounded random inputs. A linear B-spline model [11] has been used to
formulate the system and a performance function which includes the
entropy term and a quadratic input constraint. A local optimal control
input has been formulated under certain conditions, and it has been
shown that the control input is in a form of a nonlinear feedback which
is related to the measured output probability density functions of the
system and the past inputs. The closed loop stability is analyzed and
a local stability condition has been established. A simulated example
is used to illustrate the use of the proposed algorithm and encouraging
results have been obtained.
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Mesh Stability of Look-Ahead Interconnected Systems

Aniruddha Pant, Pete Seiler, and Karl Hedrick

Abstract—In this note, we define a notion of mesh stability for a class of
interconnected nonlinear systems. Intuitively mesh stability is the property
of damping disturbance propagation. We derive a set of sufficient condi-
tions to assure mesh stability of “look-ahead” interconnected systems. Mesh
stability is shown to be robust with respect to structural and singular per-
turbations. The theory is applied to an example of formation flying.

Index Terms—Interconnected systems, Lyapunov stability, string
stability.

I. INTRODUCTION

Intuitively mesh stability is the property of damping disturbances as
they travel away from the source in an interconnected system. A signifi-
cant amount of research has been done on the concept of string stability,
a one dimensional counterpart of mesh stability. For a detailed literature
review, we refer the reader to Swaroop [8]. Recently, while studying the
position control of mobile offshore bases Hedrick considered strings
which can move in multiple dimensions [11]. Seiler [12] introduced
the concept of mesh stability and analyzed it in the linear case. The
motivation for the problem comes from the analysis and the design of
controllers for formation flying of unmanned aerial vehicles. In a for-
mation one wants controllers to be designed so that any shock-wave
arising from disturbance propagation should dampen as it travels away
from the source. In other words we want the closed loop interconnected
system for the formation mesh stable.

Swaroop considered sufficient conditions similar to this note. They
assumed infinite strings of dynamical systems. This work (a) gener-
alizes the interconnection structure to finite dynamical systems, (b)
gives tighter bounds on the interconnections, and (c) develops a general
methodology for analyzing mesh stability. We obtain sufficient condi-
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tions for exponential mesh stability of a class of interconnected non-
linear systems.

II. PRELIMINARIES

A look ahead system:An interconnected system, is called look-
ahead, if the(i; j)th subsystem is connected only to the subsystems
(k; l) such thatk � i andl � j. Consider a system of ordinary differ-
ential equations

_xi;j = fi;j(xi;j ; . . . ; x1;j ; xi;j�1; . . . ; xi;1; . . . ; x1;1): (1)

For the convenience of notation, define a mapping as shown in

m(i; j) =

j + L�1
p=1 p for (i+ j � 1) � N

(N � i+ 1) + (N)(N+1)
2

+ L�1
p=N+1(2N � p)

else

: (2)

If we write the dynamics of the subsystems with the new indexm and
rename the index, we will get a system which is of the form

_xi = fi(xi; xi�1; . . . ; x1) (3)

wherei 2 f1; . . . ; Ng; xi 2
n; f : n � � � � � n ! n and

f(0; . . . ; 0) = 0. If xi(t) 2 n is vector function of time, thenkxi(t)k
denotes any vector norm ofxi(t) andx = [xT1 . . . xTn ]

T 2 N�n.
Other notation we use is as follows:

kx(0)k1 = max
i
kxi(0)k

kx(t)k1 = max
i
kxi(t)k1

kx(t)kk1 = max
i�k

kxi(t)k1:

Exponential Mesh Stability: The origin x = 0 of the dynamical
system (3), is globally exponentially mesh stable if (a) given any� >
0;9 � > 0 such that,kx(0)k1 < � =) kx(t)k1 < � (b) x !
0, exponentially8x 2 n, and (c)kxi(t)k1 � kx(t)ki�11 ; 8i 2
f2; . . . ; Ng.

Converse Lyapunov Theorem:[9] If _x = f(x); x 2 n is globally
exponentially stable,f(x) is continuously differentiable, and@f=@x is
bounded over n, then there exists aC1 functionV (x) : n ! +

and constants�h; �l; �1; �2 > 0 such that8x 2 n

�lkxk
2 � V (x) � �hkxk

2

@V

@x
f(x) � ��1kxk

2

@V

@x
� �2kxk:

Comparison Principle: A special form of comparison principle for
vector Lyapunov functions is presented. For a general statement, see
[5]. Let r(t) 2 m be the unique solution of the vector differential
equation,_r = Ar with r(0) = r0. A 2 m�m andai;j � 0, when
i 6= j. If we have aC1 functionv(t) 2 m that satisfies_v � Av then

v(0) � r0 =) v(t) � r(t); 8t 2 [0;1):

III. M ESH STABILITY OF LOOK AHEAD SYSTEMS

Theorem 1: Consider the interconnected system (3), satisfying the
following.

• f is globally Lipschitz in its arguments, i.e.,

kfi(yi; . . . ; y1)� fi(xi; . . . ; x1)k

� l1ky1 � x1k+ � � �+ likyi � xik; li 2
+:

• The origin of thefree ith subsystem_xi = fi(xi; 0; . . . ; 0) is
globally exponentially stable.

Then, for sufficiently smallli > 0, the interconnected system is glob-
ally exponentially mesh stable.

Proof: The converse Lyapunov theorem implies the existence of
a Lyapunov functionVi(xi) for the free system and

_Vi =
@Vi
@xi

fi(xi; 0; . . . ; 0)

+
@Vi
@xi

[fi(xi; . . . ; x1)� fi(xi; 0; . . . ; 0)]

� ��1kxik
2 + �2kxik

i�1

j=1

ljkxjk : (4)

Using the inequalityxy � (x2 + y2)=2 and the converse Lyapunov
theorem

_Vi � ��1kxik
2 +

�2
2

i�1

j=1

lj(kxik
2 + kxjk

2)

_Vi � �
�1 �

�
2

i�1
j=1 lj

�h
Vi +

�2
2�l

i�1

j=1

ljVj : (5)

Define a matrixB 2 N�N andV := [V1 V2 � � �VN ]T : N�n !
N
+ such that

bi;i = �
�1 �

�
2

i�1
j=1 lj

�h
; bi;j =

�2
2�l

lj ; i > j:

Then inequality (5) can be written as

_V (t) � BV (t): (6)

One can see that if�1 � (�2=2)
i�1
j=1 lj > 0 thenB is a stable trian-

gular matrix. ForV (0) � z(0) where _z = Bz and using the compar-
ison theorem

0 � lim
t!1

V (t) � lim
t!1

z(t) = 0

This proves exponential stability for (3). From (4), we have

_Vi � �kxik �1kxik � �2

i�1

j=1

lj kxki�11 : (7)

Let

gk :=
�2
�1

k�1

j=1

lj kxkk�11 ; c :=
�h
�l

1=2

� 1: (8)

Define the following sets in state space:

Bi := fxi : kxik � gig; Bir := fxi : kxik � c � gig:

If xi 2 nnBi, then _Vi is negative. Thus, for allx 2 nnBir and
8y 2 Bi, we have

V (y) � �hkyk
2 <

1

c2
� �hkxk

2 = �lkxk
2 � V (x):

This implies

xi(0) 2 Bi =) xi(t) 2 Bir; 8t

=) kxik �
�h
�l

1=2
�2
�1

i�1

j=1

lj kxki�11 ; 8t

=) kxik1 �
�h
�l

1=2
�2
�1

i�1

j=1

lj kxki�11 : (9)

Definingk = [((�h)=(�l))
1=2((�2)=(�1))

i�1
j=1 lj ], one can see that

for small enough i�1
j=1 lj ; k < 1. This proves (3) is globally exponen-

tially mesh stable.



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 47, NO. 2, FEBRUARY 2002 405

A. Robustness to Structural Perturbations

Consider

_xi = fi(xi; xi�1; . . . ; x1) + �f
p
i (xi; xi�1; . . . ; x1) (10)

and assumefpi (0; . . . ; 0) = 0. Following the procedure similar to the
previous section:

_Vi � � (�1 � ��2l
p
1
) kxik

2 + kxik

i�1

j=1

�2 lj + �l
p
j kxjk:

Here,lpi are the Lipchitz constants for the perturbation. Notice the sim-
ilarity between the above equation and (4). If�; l

p
j ; 8i = 1; . . . ; N are

small enough, then we have mesh stability of the perturbed system, pro-
vided that the unperturbed system is mesh stable. This analysis shows
us that if the feedback linearized system is mesh stable then as long as
modeling error is small enough, we have mesh stability of the original
nonlinear system.

B. Robustness to Singular Perturbations

In this section, we demonstrate that if the size of a singular perturba-
tion is small, then mesh stability is preserved. First, we state a classical
theorem regarding exponential stability of perturbed nonlinear systems
[6].

Theorem 2: Consider an autonomous system

_x = f(x; z) � _z = g(x; z) (11)

wherex 2 n; z 2 m. Assume that the origin is the equilibrium point
and the functionsf andg are globally Lipschitz in their arguments. Let
z = h(x) be the solution ofg(x; z) = 0, such thath(0) = 0. Let
y := z � h(x). � _z = g(x; z) is called theboundary layer systemand
_x = f(x; h(x)) is called thereduced system.

Suppose the following conditions are satisfied.

• The reduced system is globally exponentially stable i.e., there
exist, constants�l; �h; �1; �2 > 0 and a functionV (x) s.t.8x 2
n

�lkxk
2 � V (x) � �hkxk

2

@V

@x
f(x; h(x)) � ��1kxk

2 @V

@x
� �2kxk:

• The boundary layer system is globally exponentially stable, uni-
formly for each frozenx. This implies that there exist constants
�l; �h; �1; �2; �3; �4 > 0 and a functionW (x; y) such that
8x 2 n; 8y 2 m;

�lkyk
2 �W (x; y) � �hkyk

2

@W

@y
g(x; y + h(x)) � ��1kyk

2

@W

@x
� �2kyk;

@W

@y
� �3kyk;

@h

@x
� �4:

• The above conditions also imply that there exist constants

1; 
2 > 0 such that

@W

@x
�

@W

@y

@h

@x
f(x; y + h(x)) � 
1kxkkyk+ 
2kyk

2
: (12)

Then there exists�� > 0 s.t. the perturbed system is exponentially
stable for� < ��. For a proof, see [6].

Consider theith free, perturbedsystem

_xi = fi(xi; zi); � _zi = gi(xi; zi)

Assuming the reduced and the boundary layer systems are exponen-
tially stable, by the above theorem, for small enough�, the perturbed
system is exponentially stable. Consider the interconnected subsystems
i 2 f1; . . . ; Ng;

_xi = fi(xi; zi; xi�1; . . . ; x1); � _zi = gi(xi; zi): (13)

The reducedith system is given by

_xi = fi(xi; hi(xi); xi�1; . . . ; x1):

From the results in the previous sections, we can argue that if the inter-
connection Lipschitz constants are small enough then the reduced in-
terconnected system is exponentially stable, provided the reduced, free
subsystems are exponentially stable to start with. Equation (13) can be
rewritten in terms of concatenated vectors,x := [x1; . . . ; xN ] 2 N�n,
andz := [z1; . . . ; zN ] 2 N�m:

_x = f(x; z) � _z = g(x; z) (14)

Applying the singular perturbation theorem, we can argue that the equi-
librium of (14) is exponentially stable for small enough�. Proceed to
prove that mesh stability is robust to the singular perturbations. Ob-
serve that in the the effect ofzj ; j 6= i, on ith subsystem of (13) is via
xj . LetVi be a Lyapunov function for the reduced, free subsystem

_Vi =
@Vi

@xi
fi(xi; zi; xi�1; . . . ; x1)

� ��1kxik
2 + �2kxik lkzi � hi(xi)k+

i�1

k=1

lkkxkk

= �kxik �1kxik � �2 lkzi � hi(xi)k+

i�1

k=1

lkkxkk :

Therefore, using the analogous arguments as before

kxik �
�h

�l

1=2
�2

�1
lkzi � hi(xi)k+

i�1

k=1

lkkxk
i�1
1

:

Define

�� :=
lkzi � hi(xi)k

kxki�11

:

Observe thatkxki�1
1

� kx(0)ki�1
1

> 0

=)
�h

�l

1=2
�2

�1

i�1

k=1

lk + �� < 1 for some� > 0

=) Mesh Stability for (13):

We show thatlkzi � hi(xi)k, and consequently,�� can be made as
small as we want by reducing�. We have

_yi =
gi(xi; yi + hi(xi))

�

�
@hi

@xi
fi(xi; yi + hi(xi); xi�1; . . . ; x1):

Applying the converse Lyapunov theorem and taking derivatives

_W =
@W

@yi

gi(xi; yi + hi(xi))

�

�
@W

@yi

@hi

@xi
fi(xi; yi + hi(xi); xi�1; . . . ; x1)

+
@W

@xi
fi(xi; yi + hi(xi); xi�1; . . . ; x1)



406 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 47, NO. 2, FEBRUARY 2002

=
@W

@yi

gi(xi; yi + hi(xi))

�

+
@W

@xi

�

@W

@yi

@hi

@xi

fi(xi; yi + hi(xi))

+
@W

@xi

�

@W

@yi

@hi

@xi

� (fi(xi; yi + hi(xi); xi�1; . . . ; x1)

� fi(xi; yi + hi(xi))):

Applying the converse Lyapunov theorem and Lipschitz bounds

_W � �
�1
�
kyik

2 + 
1kxikkyik+ 
2kyik
2

+ kkyik

i�1

j=1

ljkxjk:

Using inequalityxy � (x2 + y2)=2, simplifying and renaming the
constants we have

_W � �
k1
�
kyik

2 +

i

k=1

�kkxkk
2:

Using converse Lyapunov theorem bounds

_W � �
k1
�h�

W +

i

k=1

�k
�l
Vk

We know from previous arguments that all the subsystems are expo-
nentially stable, therefore there exist constantsMk; bk > 0 such that

Vk = Mke
�b t; 8k 2 [1; N ]:

Substituting, simplifying, and renaming constants

_Wi(t) � �
k1
�
Wi +

i

k=1

Ake
�b t

=)Wi � e� tWi(0) +

i

k=1

Ak

k
�
� bk

e�b t:

For simplicity assumeWi(0) = 0:

=) kyik
2 �

i

k=1

Ak

�l
k
�
� bk

:

Let A := maxk Ak andb := maxk bk, then

kyik
2 �

iA

�l
k
�
� b

; 8t =) kyik1 �
iA

�l
k
�
� b

1=2

:

We can see thatkyik1, and correspondingly,�� can be made as small
as we want by reducing�. Therefore, for small enough�, the singularly
perturbed system is mesh stable.

IV. EXAMPLE

In this section, we apply the theory developed in previous sections
to an idealized example of formation flying in a plane. This example
has been analyzed with the classical transfer function perspective in
[12]. Consider a mesh of point masses shown in Fig. 1. Define the po-
sition, velocity and acceleration vectors as:pi;j = [yi;j ; zi;j ]

T ; vi;j =
_pi;j ; ai;j = _vi;j . Then the dynamics are given by,�pi;j = ai;j where

Fig. 1. Mesh Schematic.

Fig. 2. Error Definitions.

ai;j 2
2 is the input acceleration. Define the following mesh spacing

errors:

�i;j := �1;des � (pi;j�1 � pi;j) (15)


i;j := �2;des � (pi�1;j � pi;j) (16)

Fig. 2 shows the specific error vectors withi = j = 2. The �i;j ’s
are the errors with respect to the ‘left’ neighbor along the row and
the 
i;j ’s are the errors with respect to the ‘above’ neighbor along
the column.�1;des and�2;des are the desired spacing vectors. To ob-
tain the spatial arrangement shown in the schematic (Fig. 1), we define
�1;des = [�L; 0]T and�2;des = [0;L]T for all i; j. Define a composite
error vector,ei;j := �i;j + 
i;j , at each point in the mesh. Define the
following 2� 1 vector sliding function:

Si;j = (ei;j) + q1 � ( _ei;j) + q2 � (vi;j � vl) + q3 � (pi;j � pl): (17)

To normalize the control effort, the composite error for boundary sub-
systems is defined to beei;j = 2�i;j or ei;j = 2
i;j , as appropriate.
Choose the control inputai;j to force _Si;j := �KSi;j . This standard
sliding surface control design makesSi;j ! 0 exponentially and gives
the following error dynamics for the mesh. For details, see [12]

Ei;j(s) =
H(s) 0

0 H(s)

Ei�1;j(s) +Ei;j�1(s)

2
: (18)

With

H(s) :=

1

1+q
(s+ q1)

s+ q +q
1+q

:
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Let h(t) be the impulse response ofH(s). If q1q2 > q3; h(t) does not
change sign [7], we have

kh(t)k1 = sup
!

jH(j!)j = H(0) =
q1

q1 + q3
:

H(0) < 1 if q3 > 0, therefore, mesh stability follows [12]. This con-
dition says that we need to have leader position information in our pla-
toon control law to achieve mesh stability.

Next, we apply the theory developed in the previous section to this
example and compare the results. Define

�1 :=
q1 + q3

1 + q2
; �1 :=

1

1 + q2
; �2 :=

q1

1 + q2
:

For simplicity consider a (2� 2) mesh. Rename the indices as shown
in (2), then the error dynamics for the first element of the 2� 1 error
vector of the(2; 2) subsystem are given by

_e4(1) = ��1e4(1) +
(�2 � �1�1)

2
e3(1)

+
(�2 � �1�1)

2
e2(1) + �1(�2 � �1�1)e1(1):

The error dynamics for the second terme4(2) in the error vector are
given by the same equation. Assume�2��1�1 > 0; �1 < 1, which is
equivalent to saying thatq1q2 > q3 andq2 > 0 respectively. Applying
the condition in (9). we have mesh stability if

(�2 � �1�1)(1 + �1) <
(�2 � �1�1)

1� �1
< �1: (19)

Substituting the values for�1; �2; �1 in terms ofq1; q2; q3 yields mesh
stability if q3 > 0. Thus, the results agree with the results obtained by
linear transfer function approach.

V. CONCLUSION

In this note, we gave a definition of mesh stability of finite, intercon-
nected, look-ahead systems. Sufficient conditions for exponential mesh
stability were presented by using Lyapunov theory of stability and the
comparison theorem for vector Lyapunov functions. Mesh stability was
shown to be robust with respect to structural and singular perturbations.
An idealized example in planer motion illustrates the main result.
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An Improvement on “Delay and Its Time-Derivative
Dependent Robust Stability of Time-Delayed Linear

Systems With Uncertainty”

Dong Yue and Sangchul Won

Abstract—In this note, an improvement on the stability result in the
above paper is given based on a modified Lyapunov function. It is shown
that our result is much less conservative than that in the paper especially
when the size of derivative of the time delay increases. For comparison, we
give two examples.

Index Terms—Uncertain system, delay, stability.

In the above paper,1 a stability criterion, which is dependent on the
size of time-delay and the size of its derivative, was proposed for a class
of uncertain systems with time varying delay. In this note, based on a
modified Lyapunov function, we derive a new stability criterion for the
system (1) in the paper.1 For simplicity, all the symbols in this note
are the same as the ones in the above paper1. Construct a Lyapunov
function as

V (x; t) = v0(x) + hv1(x; t) + hv2(x; t) (1)

wherev0 andv1 are given as in the paper.1 Different from (12) in that
paper.1 we modify thev2(x; t) as
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Sincev1(x; t) is positive–definite, ifv2(x; t) is also positive definite,
then, we can show that

V (x; t) � v0(x) = x
T
Px:
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