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function has almost only one peak. This means that the decreasing di- Aniruddha Pant, Pete Seiler, and Karl Hedrick

rection for the entropy is toward having a narrow shape of the output

probability density function. This is in line with the theoretical anal-

ysis as a small entropy means the uncertainty of the output is small Abstract—n this note, we define a notion of mesh stability for a class of
which indicates that the shape of the output probability density funi@terconnected nonlinear systems. Intuitively mesh stability is the property

L I damping disturbance propagation. We derive a set of sufficient condi-
tion is narrow. The response of the performance function is shown;i ns to assure mesh stability of “look-ahead” interconnected systems. Mesh

Fig. 4, where ?t can be seen that a monotqnically decreasidgwf)  stability is shown to be robust with respect to structural and singular per-
has been achieved. This shows the effectiveness of the proposed @abations. The theory is applied to an example of formation flying.

trol algorithm (22). Index Terms—interconnected systems, Lyapunov stability, string

stability.
VI. CONCLUSION

In this note, the entropy concept has been applied to the design I. INTRODUCTION

of controllers for general stochastic systems subjected to arbitrary o S
bounded random inputs. A linear B-spline model [11] has been used tdntuitively mesh stability is the property of damping disturbances as

formulate the system and a performance function which includes iy travel away from the source inan interconnected system. A signifi-
entropy term and a quadratic input constraint. A local optimal contréfintamount of research has been done on the concept of string stability,
input has been formulated under certain conditions, and it has bé&fn€e dimensional counterpart of mesh stability. For a detailed literature
shown that the control input is in a form of a nonlinear feedback whidgView, we refer the reader to Swaroop [8]. Recently, while studying the
is related to the measured output probability density functions of tR@sition control of mobile offshore bases Hedrick considered strings
system and the past inputs. The closed loop stability is analyzed a{@jch can move in multiple dimensions [11]. Seiler [12] introduced

a local stability condition has been established. A simulated exam@¢ concept of mesh stability and analyzed it in the linear case. The

is used to illustrate the use of the proposed algorithm and encouragifgtivation for the problem comes from the analysis and the design of
results have been obtained. controllers for formation flying of unmanned aerial vehicles. In a for-

mation one wants controllers to be designed so that any shock-wave
arising from disturbance propagation should dampen as it travels away

1] B. . 0. And 43 B. Moorei Optimal Contral U from the source. In other words we want the closed loop interconnected
. D. O, Anderson an . b. Moorejnear Optimal Contral pper :

Saddle River, NJ: Prentice-Hall, 1971, system for the formation mesh stable.
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tions for exponential mesh stability of a class of interconnected nonhen, for sufficiently small; > 0, the interconnected system is glob-

linear systems. ally exponentially mesh stable.
Proof: The converse Lyapunov theorem implies the existence of
Il. PRELIMINARIES a Lyapunov functiori; («;) for the free system and
A look ahead system:An interconnected system, is called look- Vi — 3V oV fi(in0,0)
ahead, if the(7, j)th subsystem is connected only to the subsystems
3 L < ; i i iffer- é)V . .
(k, .I) such thaﬂ» <4 andl < j. Consider a system of ordinary differ + S i) = i, 0,0, 0]
ential equations O
i—1
@iy = fig(@ig o2y, @iy—1, @1, 211). (D) < —ai ||l + sl <le||'rj||> . 4)
j=1

For the convenience of notation, define a mapping as shown in
Using the inequalityry < (2 4+ y*)/2 and the converse Lyapunov

P+, e for(i+j—1)< N theorem

m(i,j) = (N —i+1)+ B L5770 N —p) . ()

else Vi < —aulleil]® + 5 (Zz (Nl I + [l ))

If we write the dynamics of the subsystems with the new ingleand

rename the index, we will get a system which is of the form (al . )
Vi< — =ib o Zl v, 5)

ll‘fi:fi(.’['ri,lfifl,..../ﬁl‘rl) (3) ‘= ap ], 1 Ak
wherei € {1.....N},2; € R",f: R" x--- xR" — R" and  pefine a matrixB € RV*Y andV := [Vi Vs---Vy]T : RV —
7(0,...,0) =0. Ifr (t) € H” is vectorfunctlon oftlme theffe; (t)|| RY such that
denotes any vector norm af,(¢t) ande = [«f ...2l]f € RY™ '
Other notation we use is as follows: - ,

b 2 J=1"J (6%} P>
) ii= — R i ==l;, 1>

[[2(0)le = max [|2:(0)]| an T 200

ll2(£)]| s = max [|2:(£)]|oo Then inequality (5) can be written as

()5 = masx [ (). Vi) < BV (). ®)

One can see thatif; — (a2/2) Z};ﬁ l; > 0thenB is a stable trian-
gular matrix. Foi/(0) < z(0) whereZ = Bz and using the compar-
ison theorem

Exponential Mesh Stability: The originz = 0 of the dynamical
system (3), is globally exponentially mesh stable if (a) givenany
0,36 > 0 such that||z(0)]|c < 6§ = ||2(t)||]« < e (D) z —

0, exponentiallyv: € R™, and )|z (H)]lee < ||2()|IS51, Vi € 0< tlim Vit) < tlim z2(t) =0
{2,....,N}. - -
Converse Lyapunov Theorem{9]If & = f(z), > € R™ isglobally This proves exponential stability for (3). From (4), we have
exponentially stablef () is continuously differentiable, aritif /0 is i1
bounded oveR", then there exists &' functionV (z) : R* — Ry Vi < —llail| [ oa || = vz Zl ||l 7)
and constants,, as, a1, a2 > 0 such thavz € R”
allz)* < V() < anllz))® Let
ov ’ R kel o\ 1/2
G f) < —anlall o= 2 <Z l) el = () 20 @
- a ° aq
oV j=1
< |- : : :
Define the following sets in state space:

Comparison Principle: A special form of comparison principle for Bii={z:: |zl < @}y Bir = {ai: ||| <c- g}
vector Lyapunov functions is presented. For a general statement, see
[5]. Let »(t) € R™ be the unique solution of the vector differentiallf 2; € R™\B;, then'V; is negative. Thus, for alt € R™\ B, and
equationy = Ar with 7(0) = 0. A € R™*™ anda; ; > 0, when Vy € B;, we have

i # j.fwe have aC'' functionu(t) € R™ that satisfiess < Av then ) 1 ) ) o
Vi(y) < anllyll” < = - anllz]” = arflzf]” < V().
v(0) <rg = v(t) < r(t), Vt€0,00). ¢

This implies
1. M ESHSTABILITY OF LOOK AHEAD SYSTEMS 2i(0) € Bi = wi(t) € Biy, Vi
1/2 i—1

Theorem 1: Consider the interconnected system (3), satisfying the = |||l < <O‘h) @2 Z;}. lxls', vt
following. w « :

 fis globally Lipschitz in its arguments, i.e., o N2 7 i _

| — el (%) (2)T0 )15 ©

filyiseoyt) = fil@is. .o )| o ar )

_r Map: — 4o i +
< Dl =il bl =l L€ R peiningl = [((an)/(@0) ' (02)/(01) 17} 1], one cansee that

 The origin of thefree ith subsystemi; = f;(2;,0,...,0)is for smallenouglE l ,k < 1. This proves (3) is globally exponen-
globally exponentially stable. tially mesh stable. O
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A. Robustness to Structural Perturbations Assuming the reduced and the boundary layer systems are exponen-
Consider tially stable, by the above theorem, for small enougthe perturbed
systemis exponentially stable. Consider the interconnected subsystems
& = filmi,xio1, ..., 1) +eff(xi,wica, ..., 21) (10) € {L,...,N},
and assumg? (0, ..., 0) = 0. Following the procedure similar to the &= filwisziwioa,an), e =g z). (13)

revious section: L
P The reducedth system is given by

i—1
— (a1 — eaal?) ||l:]|® + (|| Zag (1 + €l®) ll;)- @ = fi(wi hi(@), xima, o).
=1
‘ o _ _ ~ Fromthe results in the previous sections, we can argue that if the inter-
Here,l? are the Lipchitz constants for the perturbation. Notice the singonnection Lipschitz constants are small enough then the reduced in-

ilarity between the above equation and (4).If. Vi = 1,...., ] ' are  terconnected system is exponentially stable, provided the reduced, free
small enough, then we have mesh stability of the perturbed system, R§Gbsystems are exponentially stable to start with. Equation (13) can be
vided that the unperturbed system is mesh stable. This analysis shesgritten in terms of concatenated vectars= [z, ..., xn] € RV ™,

us that if the feedback linearized system is mesh stable then as longgg: := [z;,...,zy] € RV™.

modeling error is small enough, we have mesh stability of the original

nonlinear system. &= fla,2) ei=g(a,z2) (14)

B. Robustness to Singular Perturbations Applying the singular perturbation theorem, we can argue that the equi-

In this section, we demonstrate that if the size of a singular perturdg)r'umﬂ?ft(m) '?1 e>t<p8rl1<tant|allybsta?lte ft(;]r small ?nOUgTr%C?Ed to ob
tion is small, then mesh stability is preserved. First, we state a classitd]© that m;shs ti a 'ﬁ' ytls robust to tehsmgu a: per lfjr1a3 lons. ©b-
theorem regarding exponential stability of perturbed nonlinear systeﬁ%rve ? in the the effec GI’J. # i, onith subsystem of (13) is via
[6] x;. LetV; be a Lyapunov function for the reduced, free subsystem

Theorem 2: Consider an autonomous system .
Vi= Jf(t, iy My e ne s @)
2

9
R - . Zi — h + ] T
wherer € R", = € R™. Assume that the origin is the equilibrium point el Z el k”}
and the functiong andg are globally Lipschitz in their arguments. Let i1
= [l (mll»czll —a [ D

&= f(z,z2) e=g(x,2) 11

s—ammW+ammn[

z = h(z) be the solution ofy(x,z) = 0, such that:(0) = 0. Let Iz = Ra(ad)|| + ZMHMH
y:= z — h(z). ez = g(z, 2) is called theboundary layer systemnd k=1
& = f(x,h(x))is called theeduced system

Suppose the following conditions are satisfied. Therefore, using the analogous arguments as before

* The reduced system is globally exponentially stable i.e., there an\'? ay 1 v
exist, constants,, as, a1, s > 0 and afunctiod’ () s.t.va € fleill < <a_z> [ZH ;= hi(@d)|l + Zlk||l’||;c1:| :
R" | _

. 7 Define
adlla]* < V() < anllall
. ol 5. oz lzi = Rl
Eﬂ’r’ W) < —an || EH < gzl e T

« The boundary layer system is globally exponentially stable, ur@bserve thalj«z||:-* > [|=(0)[ict > 0
formly for each frozenc. This implies that there exist constants

- - . S~ 1/2 —1

Bty Brs B1s B2, 33, B4 > 0 and a functionW (x, y) such that ap s ,
2 Bhs P15 025 935 i — [ = E I 6 1 for somee > 0

vx E anvy E |Rln7 a - k + < >

&7}

R — Mesh Stability for (13
Bllyll? < Wi, y) < Ballull® yfor(13)

ig(l y+h(x)) < =31yl We show that||z; — h(x:)||, and consequently,. can be made as
small as we want by reducing We have
E)H oW ah )
e e A e e e e
Vi= T
» The above conditions also imply that there exist constants Oh; Filwisyi + halas), i 1)
v1,72 > 0 such that T 9g Y R
W W O ‘ Applying the converse Lyapunov theorem and taking derivatives
G = e e b < sl 4. @ PP o ’
| ’ AL <gi(wnyi + hz(l‘i)))
Thenthere exists” > 0 s.t. the perturbed system is exponentially Jyi €
stable fore < ¢*. For a proof, see [6]. _ OW [ 0hi (o s + ha(as)s 2 1)
Consider theth free, perturbedsystem dy; \ a7 R

oW
i = filwi, z). €kio= gilwi, %) + — s filwi oy + hi(x), 21, .., 11)
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oW
=5

<gz(l’z7y¢ + hz(tz)))

ow oW [ Oh; )

+ <0M - 3y; <8wi))fl('rzv?/z‘i‘]lz(”/l))
ow oW [ Oh;

J’_ —_
dx; Jdyi \ Ox;

X (fi(zi,yi + hi(wi), i1, 00, 21)

— filwi,yi + hi(x:))).

Applying the converse Lyapunov theorem and Lipschitz bounds
v 31 2 2
W< =—llyill” + i llilllly: |+ v2llyill
i—1
Rl D Uill -
J=1

Using inequalityzy < (2% 4 ¢*)/2, simplifying and renaming the
constants we have

: ki, o« )
W < ——||y; Gl .
<-= lw:ll” + E kllzxll

k=1

Using converse Lyapunov theorem bounds

> i—/’"{'w
k=1

. k1
[V < — Y4
W < 3 W+

Phe€

We know from previous arguments that all the subsystems are expo-

nentially stable, therefore there exist constaviis b, > 0 such that

Vi = Mype "' Wk €[1,N].

Substituting, simplifying, and renaming constants

1 - : —byt
Vi < - v AL k
Wi(t) < =W + > Age

k=1

k : A
= W: < 8_7111"17;(0) + E klAkb e
- — bk

k=1 e

—byt

For simplicity assuméV; (0) = 0.

‘ ‘ Ap
= |ull’ <> ——.
2 )
Let A := maxy Ax andb := max; by, then

tA
pi(E =)

7

lly:ll* <

iA 1z
b) '

s Vt= |lyilloo < | =7
, ol —<13,(’;—

We can see thaly;||-, and correspondingly, can be made as small

as we want by reducing Therefore, for small enoughthe singularly
perturbed system is mesh stable.

IV. EXAMPLE

In this section, we apply the theory developed in previous sections
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Fig. 1. Mesh Schematic.

Fig. 2. Error Definitions.

a;; € R? is the input acceleration. Define the following mesh spacing
errors:

(15)
(16)

€i,j i= O1des = (Pij—1 = Pij)

Virj 1= b2,des = (Pi-1,5 — i)

Fig. 2 shows the specific error vectors with= j = 2. Thee; ;'s

are the errors with respect to the ‘left’ neighbor along the row and
the v, ;'s are the errors with respect to the ‘above’ neighbor along
the column.§ 4.5 andés q4es are the desired spacing vectors. To ob-
tain the spatial arrangement shown in the schematic (Fig. 1), we define
61.des = [~ L;0]" andby qes = [0; L]” for all i, j. Define a composite
error vectore;,; := €, ; + vi,j, at each point in the mesh. Define the
following 2 x 1 vector sliding function:

Sij=(eij) a1 (éiy) + g2 (viy —vi) + g5 (pi,; —po)- (17)

To normalize the control effort, the composite error for boundary sub-
systems is defined to bg ; = 2¢; ; ore;; = 2v; ;, as appropriate.
Choose the control input; ; to force$; ; := —K S, ;. This standard
sliding surface control design makgs; — 0 exponentially and gives
the following error dynamics for the mesh. For details, see [12]

O (18)

Ei_1;(s)+ Ei j—1(s)
0 H(s) '

2

to an idealized example of formation flying in a plane. This example
has been analyzed with the classical transfer function perspectiveWith

[12]. Consider a mesh of point masses shown in Fig. 1. Define the po-

sition, velocity and acceleration vectors as; = [yi,;; zi.;] ;v =
Pijsai; = v; ;. Then the dynamics are given b, ; = a; ; where

1+1q2 (s + Q1)

q1+93
s+ 91

H(s):=
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Let 2(¢) be the impulse response Hi(s). If g1q2 > g3, h(t) doesnot  [10] J. K. Hedrick and D. Swaroop, “Dynamic coupling in vehicles under
change sign [7], we have automatic control,” presented at the 13th IAVSD Symp., China, Aug.
1993.
. q1 [11] J. K. Hedrick, A. Girard, and B. Kaku, “A coordinated DP control
1R(#)|lx = sup |[H(jw)| = H(0) = m methodology for the MOB,” presented at the ISOPE-99 Conf., Dec.
@ tTa 1998.
. - . [12] P. Seiler, A. Pant, and J. K. Hedrick, “Preliminary Investigation of Mesh
H_(_O) < 1if g3 > 0, therefore, mesh stablllt_y_ follpws [12]_. Thls con- Stability for Linear Systems,”, IMECE99/DSC-7B-1, 1999.
dition says that we need to have leader position information in our pla-
toon control law to achieve mesh stability.
Next, we apply the theory developed in the previous section to this

example and compare the results. Define

oy = % By = 1-&@" . #‘(p. An Improvement on “Delay and Its Time-Derivative
° B Dependent Robust Stability of Time-Delayed Linear
For simplicity consider a (& 2) mesh. Rename the indices as shown Systems With Uncertainty”
in (2), then the error dynamics for the first element of the 2 error
vector of the(2, 2) subsystem are given by Dong Yue and Sangchul Won
) _ (g —a1f1) . . . .
é4(l) = —aneq(l) + ————%e3(1) Abstract—In this note, an improvement on the stability result in the

( 2 5) above paper is given based on a modified Lyapunov function. It is shown

Q2 — 1P ( / 2\ that our result is much less conservative than that in the paper especiall

2 P (1 o — a1 3 . pap: p y

+ 2 e2(1) + fi(az = arfr)er(l) when the size of derivative of the time delay increases. For comparison, we
give two examples.

The error dynamics for the second tern(2) in the error vector are

given by the same equation. Assume— « 31 > 0,51 < 1, whichis
equivalent to saying that ¢> > ¢3 andg. > 0 respectively. Applying

Index Terms—Uncertain system, delay, stability.

the condition in (9). we have mesh stability if In the above papér,a stability criterion, which is dependent on the
) size of time-delay and the size of its derivative, was proposed for a class
(a2 — a1f1)(1+ B) < (az — c%nh) < a. (19 of ur!(?ertain systems wit.h time varyjng delay. In th?s no.te, .based ona

1—p4 modified Lyapunov function, we derive a new stability criterion for the

system (1) in the papérFor simplicity, all the symbols in this note

Substituting the values fary , o>, 1 in terms ofg,, g2, g yields mesh - 5o o same as the ones in the above pay@onstruct a Lyapunov
stability if g3 > 0. Thus, the results agree with the results obtained tﬁyjnction as

linear transfer function approach.
V(x,t) = vo(x) + hvi(x,t) + hoa(x, t) (2)
V. CONCLUSION wherev, andv; are given as in the papkmDifferent from (12) in that

In this note, we gave a definition of mesh stability of finite, interconpapEﬁ we modify thevs (. #) as

nected, look-ahead systems. Sufficient conditions for exponential mesh va(x,t)

stability were presented by using Lyapunov theory of stability and the _ t " ,,1*( - (6)
comparison theorem for vector Lyapunov functions. Mesh stability was i Jier ATl
shown to be robust with respect to structural and singular perturbations. X Q1 (X1, m)z(E = 7(£)) dé ds

An idealized example in planer motion illustrates the main result. -t
—|—h/ mT(s—T(s))Ql(Xl,rh),r(s—T(s))ds
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