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Abstract

A simplified non-linear model of a fixed-wing UAV in longitudinal flight is analyzed,
controlled, and observed using non-linear techniques. Its stability about a trim condi-
tion can be concluded using Lyapunov’s linearization method, although it is not stable
in the case of zero inputs. After checking the accessibility of the system, a sliding mode
controller is designed to control forward airspeed and pitch angle. Because direct slid-
ing mode altitude control results in unstable internal dynamics, a PI altitude control
is used to select the desired pitch angle for the sliding mode controller. This results in
accurate altitude tracking, with the robustness properties of the sliding mode control.
Next, a Lyapunov-type observer is implemented. The observer is shown to have locally
stable error dynamics, and is used in the feedback loop with the sliding mode controller.
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1 Model Developement

The model used for control design and simulation is a non-linear fixed wing aircraft
in longitudinal motion. As developed in any aerodynamics textbook, an aircraft’s
orientation in space can be described by the 3-2-1 Euler angle transformation, where
the Euler angles are ψ, θ, and φ, which represent yaw, pitch, and roll, respectively. The
aircraft’s velocity is represented as components parallel to each of the Euler axes, such
that

V = u+ v +w (1)

where u is parallel to the roll axis, v is parallel to the pitch axis, and w is parallel to
the yaw axis.

The assumption of longitudinal motion leads to the following simplifications

ψ = 0

φ = 0 (2)

v = 0

The system can now be described by four state variables: the velocities u and w, the
pitch angle θ, and its derivative q. State equations are derived from a balance of linear
and angular momentum. The following simplifications are made in order to require
fewer physical parameters specific to the aircraft, and are reasonable for a UAV such
as the SigRascal, which is not a high-performance aircraft.

1. Thrust force is aligned with first velocity component (u)

2. Lift forces (from elevator and wing) are aligned with third velocity component
(w)

3. Drag force is opposed to thrust force

These simplifications result in state equations of the following form

mu̇ = uT −Drag −mgsin(θ)

m(ẇ − uq) = −Lift +ELift +mgcos(θ) (3)

θ̇ = q

Jq̇ = −xL ∗ Lift + xE ∗ Elift

uT = thrust force (system input)

m = aircraft mass

g = accelaration due to gravity

J = aircraft moment about pitching axis

Lift = Lift force due to wings

Elift = Lift force due to elevators

xL = moment arm from Lift to center of mass (CM)

xE = moment arm from ELift to CM

The aerodynamic forces (lifts and drag) are related to aircraft configuration, flight
conditions, and control surface positions and are highly nonlinear. However, for a
standard fixed-wing small aircraft in non-aggressive flight maneuvers, they will be ap-
proximated by their dependence on the state variables and inputs listed above. For
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more rigorous simluation, the constant aerodynamic coefficients used here could be re-
placed by the appropriate stability derivatives[1]. Henceforth, aerodynamic forces will
be approximated as follows:

Drag = CDu
2

Lift = CLαu
2 (4)

Elift = CE(uE − α)u2

uE = elevator deflection (system input)

CD = drag coefficient

CL = wing lift coefficient (5)

CE = tail lift coefficient

α = angle of attack

Over the range of angle of attack likely to be experience by a SigRascal in autopiloted
flight, the approximation

tan(α) = α =
w

u
(6)

is valid, resulting in the following state equations from the combination of all preceding
equations.

mu̇ = uT − CDu2 −mgsin(θ)

m(ẇ − uq) = −CLuw + CE(uE − w

u
)u2 +mgcos(θ)

θ̇ = q (7)

Jq̇ = −xLCLuw + xECE(uE − w

u
)u2

2 Open Loop Simulations

The open loop system was simulated with fixed control inputs in order to examine its
stability about trim condition. With the control inputs fixed at their trim values, the
UAV remains in trim if it begins at the equilibrium condition. Plots are not included,
because all parameters remain constant.

With initial conditions displaced slightly from equilibrium (with control inputs fixed
at trim) the system goes into damped oscillations and returns to the equilibrium point,
as shown below for displacements of u and θ. The system is also self-stabilizing in
response to changes in the inputs from their trim values.
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Figure 1: Open loop response with u initially displaced from equilibrium value
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Figure 2: Open loop response with theta initially displaced from equilibrium value
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Figure 3: Open loop response with thrust temporarily displaced from equilibrium value
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3 Stability Analysis

Using Lyapunov’s first theorem, the stability of an equilibrium point of a non-linear
system can be inferred from its linearization about that equilibrium point. This is
contingent on the condition that the non-linear terms do not grow unbounedly when
approaching the equilibrium point. This sytem has no such terms, so Lyapunov’s first
theorem applies. For a system of the form ẋ = f(x) + g(x) ∗ u, stability analysis
is usually performed assuming that u = 0. Unfortunately, the UAV model has no
equilibrium point in this case, because when unpowered, it simply falls.

A more interesting analysis can be peformed by selecting a constant value of uep =
[uT0 uE0] that will result in a trim condition or equilibrium point xep = [u0 w0 θ0 q0].
Now the system can be linearized about the equilibrium point as

ẋ ≈ (
∂f

∂x
|xep +

∂g

∂x
|xep ∗ uep) ∗∆x = A∆x (8)

and the equilibrium point’s stability can be inferred from the eigenvalues of the A
matrix.

A =




−2CDu0/m 0 −gcos(θ0) 0
−w0
m

(CL + CE) + 2CEuE0u0
m

−u0
m

(CL + CE) −gsin(θ0) u0

0 0 0 1
−CLxLw0

J
+ CExE

J
(2uE0u0 −w0) −u0

J
(CLxL + CExE) 0 0




(9)
For trim conditions similar to a SigRascal in level flight, the eigenvalues of the A matrix
are stable. For example, for a trim condition of level flight, u = 18 m

s
, and α = 3o,

the eigenvalues of A are −19, −1, −0.2 ± 0.5i. These concur with the open loop
simultations, which show the UAV stable but oscillatory.

4 Accessibility Analysis

Generally, if a system’s linearization about an equilibrium point is controllable, the non-
linear system will be accessible about that point, so the observability of the linearization
will be examined first.

As was done for stability analysis, the system is linearized about the trim condition
(xep, uep), resulting in the following.

ẋ ≈ (
∂f

∂x
|xep +

∂g

∂x
|xep ∗ uep) ∗∆x+ g(xep)∆u

= A∆x+B∆u (10)

A from previous equation

B =




1
m

0

0
CEu

2
0

m

0 0

0
CExEu

2
0

J




A linear system is controllable if its controllability matrix [B AB . . . AN B] is full rank.
When the equilibrium values of xep and uep are substituted into the matrices A and
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B, the controllability matrix is full rank, so the linearized system is controllable. This
suggests that the non-linear system will be accessible.

A non-linear system is accessible at an equilibrium point if its accessibility matrix is
full rank when evaluated at that point. The accessibility matrix of this system, where
g = [g1 g2] is C = [g1 g2 [g1, g2] [f, g1] [f, g2]].

For this system, g1 and g2 are the columns of matrix B, and the other terms of the
controllability matrix are shown below. It is full rank at the trim condition investigated,
and will be in general when u, w, and θ are characteristic of low-performance fixed-wing
flight. Thus, the UAV can initiate motion in any direction from trim condition, and it
is feasible to design a controller.

[g1, g2] =




0
2uCE
m2

0
2uCExE
mJ


 (11)

[f, g1] =




2CDu
m2

w
m2 (CE +CL) + q

m

0
w
mJ

(CExE +CLxL)


 (12)

[f, g2] =




0
−u3CE
m2 (CE + CL) + CExEu

3

J
CExEu

2

J
−CEu3

mJ
(CExE +CLxL)


 (13)

5 Sliding Mode Controller Design

A MIMO sliding mode approach to control is appropriate for the UAV system because
both modeling uncertainties and disturbances will be encountered. The approximations
of the aerodynamic forces given in section 1 will lead to unmodeled dynamics, and wind
gusts cause disturbance forces. Because sliding mode control is a form of input/output
linearization, certain choices for the output z can result in unstable internal dynamics
in the controlled system. The original choice of z = [u y] would allow direct altitude
control (which is desired), but resulted in unstable θ dynamics. Instead, z = [u θ] was
selected.

5.1 Internal dynamics for z = [u y]

Two sliding surfaces are defined for the outputs u and y (altitude), where the con-
trol objective will be to drive these surfaces to zero using a Lyapunov formulation to
guarantee convergence. A sliding mode control is chosen so that

[
ṡ1

ṡ2

]
=

[
L1(x)
L2(x)

]
+

[
1
m

0
1
m
sin(θ) −CEu2

m
cos(θ)

][
uT
uE

]
(14)

=

[
−f̃1(s1)

−f̃2(s2)

]
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where the sliding surfaces are the following.

s1 = u− ud (15)

s2 = ẏ − ẏd + β(y − yd)

It can be seen from the system state equations that the internal dynamics of the
system are

θ̇ = q (16)

q̇ =
−uw
J

(CExE +CLxL) +
CExEu

2

J
uE

because u is controlled directly, and w is closely coupled with ẏ. When the system
is being controlled, uE will be given by the equations for ṡ, f̃ (s) = 0, and w can be
calculated by using the fact that ẏ = ẏd.

w =
1

cos(θ)
(usin(θ)− ẏd) (17)

Plugging the control law and the substitution into the internal dynamics results in the
following dynamic for θ, where Bi are all bounded and positive when the controller is
active.

θ̈ −B1(cos(θ)− u̇)θ̇ +B2tan(θ)− B3

cos(θ)
+B4 = 0 (18)

As θ increases toward π
2

, the theta dynamic approaches

θ̈ −C1θ̇ +∞ = 0 (19)

and the internal dynamics are unstable. Therefore, a sliding mode controller should
not be designed for the output z = [u y].

5.2 Sliding mode control design for z = [u θ]

By choosing θ as one of the controlled outputs, the problem presented in the previous
section is avoided. Thus, a sliding mode control is designed for z = [u θ] by defining
the following sliding surfaces.

s1 = u− ud (20)

s2 = θ̇ − θ̇d + β(θ − θd)

The control [uT uE ]T will be chosen so that ṡi = −f̃i(s), where f̃i will be chosen to
guarantee the sliding condition. With ṡ of the form

[
ṡ1

ṡ2

]
=

[
L1(x)
L2(x)

]
+

[
1
m

0

0 −CExEu2

J

][
uT
uE

]
(21)

the control is given by

[
uT
uE

]
=

[
1
m

0

0 −CExEu2

J

]−1

∗
[
−f̃1(s1)− L1

−f̃2(s2)− L2

]
(22)

=

[
m(−f̃1(s1) + CDu

2

m
+ gsin(θ) + u̇d)

J
CExEu

2 (−f̃2(s2) + (CLxL + CExE)uw
J

+ θ̈d − β(q − θ̇d))

]
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The effect of this control is to replace the non-linear dynamics of ṡ with the desired
dynamics f̃ .

Sliding mode control is based on a Lyapunov analysis with the Lyapunov function

V =
1

2
s2 (23)

which will have a negative definite derivative when f̃ is chosen to satisfy the sliding
condition on s. The sliding condition,

sṡ ≤ 0 (24)

can be satisfied by a number of different forms for f̃ . When V̇ is negative definite, V
is a Lyapunov function for s, and by Lyapunov’s second method, the s dynamics are
globally asymptotically stable. This implies that s1 and s2 will decay to zero at a rate
determined by f̃ . Because the sliding surfaces were defined as the error between states
and their desired values, the tracking error will be zero when s converges to zero.

5.3 Discrete sliding control

A basic form of sliding mode control defines f̃(s) = −ηsgn(s) and results in s going to
zero very quickly. In the absence of modeling error and disturbances, this results in a
very agressive control. When the sliding surface s = 0 is reached, chattering will occur,
where the system vibrates with high frequency and low amplitude about the sliding
surface. This can be seen in simulation in the following figures. Also, robustness terms
have not yet been included, so this control fails in the presence of modeling error as
shown in figures 7 and 8.

Chattering can be very problematic in many applications, especially if it excites
unmodeled vibration modes. To remedy this and to add robustness to disturbance
or modeling error, another variation of sliding control is shown in the next section.
Simulation results of the discrete sliding mode controller are shown below.
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Figure 5: UAV states with discrete sliding mode control tracking θ and u with no modeling
error or disturbance
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Figure 7: UAV state with discrete sliding mode control tracking θ and u. 15 % modeling
error in CE . Note that controller has failed to track θ.
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Note that s2 does not converge to zero.

11



5.4 Smooth robust sliding control

The two problems associated with the discrete control presented in the previous section
are chatter and lack of robustness to parameter error and disturbance. The chatter
problem will be solved by using a smooth rather than discrete function f̃ . As a result, s
will converge to within a boundary layer on either side of the sliding surface, rather than
converging to zero. The robustness problem will be resolved by adding an extra term
into f̃ to overcome modeling error and disturbances. This requires that the parameter
errors and disturbance have bounded magnitude, where the bounds will determine the
size of the robustness term in the control, shown below.

f̃i(si) = (Ki + ∆i)sat(
si
Φi

) (25)

Ki determines the rate of convergence of si, ∆i is the robustness term, and Φi is
the width of the boundary layer to which si will converge. Ki and Φi can be tuned
based on desired performance, but ∆i must be calculated to ensure that it overcomes
the uncertainty and disturbance. In an aircraft model, the aerodynamic parameters
can be the most difficult to calculate, so it will be assumed that the true parameters
CD, CL and CE differ from their assumed values (ĈD, ĈL and ĈE) by the parameter
estimate errors C̃D, C̃L and C̃E . As a result, ṡ will include terms other than f̃ . For
example,

ṡ1 = −f̃1(s1)− C̃D u
2

m
(26)

∆i must be calculated to ensure ṡi is always negative, based on the bounds of the
parameter uncertainties. For the simulation shown, it was assumed that the parameter
estimate errors were less than fifteen percent, and that there was no disturbance. As a
result, ∆1 = 0.8 and ∆2 = 2.
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Figure 9: UAV state with smooth sliding mode control tracking θ and u 15 % modeling
error in CE
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Figure 10: Actuation and sliding surfaces for smoothed robust sliding mode control
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5.5 PI control of altitude

Although direct sliding mode altitude control was shown to lead to unstable internal
dynamics, one would still like to control the aircraft’s altitude rather than pitch angle.
One possibility would be to calculate in advance a desired trajectory for θ based on a
desired trajectory for altitude. However, this would be computationally difficult, and
not suitable for real time control.

Instead, the combination of UAV and sliding mode controller is treated as a plant
inside a PI loop, as shown in the schematic below. The PI controller outputs [θd qd q̇d],
which are the required inputs for sliding mode control of θ. The PI control follows the
standard formulation,

θd(t) = Ki

∫ t

0

(yd(τ )− y(τ ))dτ +Kp(yd(t)− y(t)) (27)

which is passed through saturations to ensure that an unreasonable climb rate or pitch
angle cannot be commanded. Altitude tracking with the combination PI and SMC
control is shown on the following page.

ud
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Figure 11: Schematic drawing of sliding mode controller and UAV inside PI loop
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Figure 12: Tracking of filtered altitude step using PI loop combined with sliding mode
control. Sliding mode control is smoothed and has modeling error as before.
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6 Lyapunov-based observer design

The sliding mode controllers described in the previous chapter all assume full knowledge
of the aircraft state. In reality, knowledge of the aircraft state comes from limited and
imperfect sensors. The forward airspeed u is calculated from the dynamic pressure using
a pitot sensor, and the pitch rate q comes from a gyroscope. However, integrating q to
obtain θ is usually unwise due to sensor inaccuracies, so θ and w must be estimated. This
will be done using a Lyapunov-based observer, which has the following state estimation
dynamics.

˙̂x = Ax̂+ g(u, z) + f(x̂) + L(z −Mx̂) (28)

A = Linear terms from state equations

Mx̂ = estimation of outputs

z = outputs of sensors

g(u, z) = known nonlinear terms

f(x̂) = nonlinear function of estimated states

L = observer gain matrix

resulting in the estimation error dynamics shown below. It is required that the matri-
ces A and M satisfy the linear conditions for observability, and that f(x) be globally
Lipschitz (or locally Lipschitz for local convergence).

˙̃x = (A− LM)x̃+ f(x)− f(x̂) (29)

If a Lyapunov function of x̃ can be found, then the state estimates must converge
to their true values. Thau’s theorem proves that

V̇ = x̃TP x̃ (30)

is a Lyapunov function for x̃ when P and L are chosen according to certain conditions
to be detailed in the section on observer design.

6.1 Observability requirements

Before an observer can be designed, the system must be written in a form

ẋ = Ax+ f(x) + g(u, z) (31)

z = Mx

such that the set of A and M is observable and f(x) is at least locally Lipschitz. The
UAV state equations only have one linear term, so the matrix A would be almost empty
and the observability requirement could not be met. To remedy this, the original state
equations ẋ = f(x) + g(x) ∗ u are expanded below in a two-term Taylor series about
the trim state and input.

ẋ ≈ ∂f

∂x
|ep ∗∆x+

∂g

∂x
|ep ∗∆x ∗ uep +

1

2

∂2x

∂x2
|ep ∗ (∆x)2 + g(xep) ∗∆u (32)

Letting A = ∂f
∂x
|ep + ∂g

∂x
|ep ∗ uep and writing out 1

2
∂2x
∂x2 |ep, the (approximated) state

equations are as follows.

ẋ ≈ A∆x+



−CD(∆u)2/m+ g

2
sin(θ0)(∆θ)2

−g
2
cos(θ0)(∆θ)2

0
0


 + g(xep) ∗∆u (33)
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Now the matrices A and M form a full-rank observability matrix. This is almost the
desired form, but the term CD(∆u)2/m will not satisfy the Lipzchitz condition. How-
ever, because u is one of the sensor outputs, this term is entirely known, and can be
included in the term g(u,z) in the desired state equation form. Thus, the system can
be written as ẋ = Ax+ f1(x) + g1(u, z) as desired, where

A is given in stability analysis section

f1 =




g
2
sin(θ0)(∆θ)2

−g
2
cos(θ0)(∆θ)2

0
0




g1 =




−CD(∆u)2

m
+ uT

m
CEu

2
0

m
uE

0
CExEu

2
0

J
uE




Now the Lipschitz condition must be checked for f1(x) and a Lipschitz constant γ
must be found. Because the UAV was linearized about a trim condition, θ0 will be
small, so the small angle approximations can be used for the sin(θ0) and cos(θ0) terms
in f1, with the following result.

‖f1(x)− f1(x̂)‖ ≈ g

2

∥∥∥∥
[
θ0((∆θ)2 − (∆θ̂)2)

−((∆θ)2 − (∆θ̂)2)

]∥∥∥∥

=
g

2

∥∥(∆θ)2 − (∆θ̂)2
∥∥
∥∥∥∥
[
θ0

−1

]∥∥∥∥ (34)

Again assuming that the trim value θ0 is small, the magnitude of the vector above is
approximately 1, and the Lipschitz condition can be written as follows.

γ ‖x− x̂‖ ≤ ‖f1(x)− f1(x̂)‖ (35)

≈ g

2
‖θ + θ̂ − 2θ0‖ ‖θ − θ̂‖

Since ‖x − x̂‖ ≥ ‖θ − θ̂‖, this shows that ‖f1(x)− f1(x̂)‖ ≤ g
2
‖θ + θ̂ − 2θ0‖‖x − x̂‖.

Because θ will be small for controlled UAV flight, a Lipschitz constant γ = 10 will
satisfy the Lipschitz condition.

6.2 Observer design based on Thau’s theorem

Thau’s theorem states that V = x̃TP x̃ is a Lyapunov function for the observer error
dynamics under the following conditions.

• P is a solution to the Lyapunov equation (A− LM)TP + P (A− LM) = −Q
• Lipschitz constant γ < λmin(Q)

2λmax(P )

It can be shown that the ratio of eigenvalues above is maximized when Q = I, so Q
will be set equal to I, and Raghavan’s iterative approach will be used to select L.

Briefly, Raghavan’s iterative approach uses the following algebraic Ricatti equation,
which is derived from the derivative of the Lyapunov function candidate, V̇ .

AP + PAT + P (γ2I − 1

ε
MTM)P + (1 + ε)I = 0 (36)
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The iterative process is to pick a positive ε and then solve for P. If P is not positive
definite, epsilon is decreased. When P is symmetric and positive definite, L is as follows.

L =
PMT

2ε
(37)

By this method, an observer was designed such that γ = 10 and ε = 0.01. The first
set of figures shows the observer tracking the actual states, but not connected in the
feedback loop. The inital state estimates are zero, except for the forward airspeed,
which is initally estimated at 15 m/s. All estimates converge to the true parameters in
less than a half second.

The second set of figures shows the same observer connected in the feedback loop,
along with the PI altitude control and the sliding mode control. The system is tracking
the same altitude step as in previous sections, with the same initial parameter estimates
given above.
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Figure 14: Paramter estimation convergence using Lyapunov-type observer (note decreased
time scale)
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Figure 15: UAV state and altitude tracking with observer in control loop
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Figure 16: Paramter estimation convergence with Lyapunov-type observer in control loop
(note decreased time scale)

7 Conclusions

The fixed wing UAV model is a good candidate for non-linear control due to its sig-
nificant non-linearities and its lack of a true equilibrium point when linearized with no
control input. This model incorporates simplifications in the aerodynamic forces lift and
drag in order to reduce the number of plant parameters. The simplified aerodynamic
forces capture the general flight characteristics of a fixed wing aircraft in conservative
flight.

A sliding mode controller was selected due to the assumption of bounded modeling
error as a result of simplified aerodynamic forces, as well as the possibilty of vary-
ing wind force disturbances. Although a discrete sliding mode control provides supe-
rior tracking performance, a smooth sliding control is better suited to the application
because of the reduced control actuation requirements. By incorporating robustness
terms, the smooth sliding controller was shown to function in spite of 15 % model-
ing error. Robustness to larger errors or disturbance could be included by redesigning
larger robustness terms.

For real-world applications, altitude control is preferrable to pitch angle control.
Unfortunately, it was shown that sliding mode altitude control causes the pitch an-
gle to become an unstable internal dynamic. Other combinations of outputs such as
[x y], [ẋ ẏ], and [x ẏ] were also checked, although these were not included because the
results were the same and lengthy. In order to allow altitude control while preventing
unstable internal dynamics, a sliding mode control of [u θ] was combined with a PI
control of altitude.

When the sliding mode control is active, constant forward airspeed is accurately
mantained, and the rate of altitude change can be completely determined by controlling
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θ. Thus, a PI control was designed to output θ based on the altitude tracking error.
This can be understood intuitively because when the aircraft needs to increase altitude,
the PI control simply aims it up. The very small integral term in the PI control also
has the effect of negating the slight steady state tracking error that would otherwise
be caused by the boundary layer of the smoothed sliding control. It is important to
note that the PI control includes saturation terms to prevent it from commanding an
unreasonable pitch angle or rate; otherwise large altitude change commands could result
in instabilities.

A Lyapunov-type observer was designed to estimate the aircraft states based on
the measurements u and q, which can be obtained from a pitot pressure tube and a
gyroscope. The state equations as derived in chapter one do not contain enough linear
terms to satisfy the observability requirement for this type of controller, so the system
is replaced by its Taylor expansion about a trim condition. Thus, the linear terms
come from the first term of the Taylor expansion, and the non-linear terms come from
the second term of the Taylor expansion. These non-linear terms must satisfy the
Lipschitz condition, which could only be shown by assuming that the pitch angle and
its estimate remain small. Therefore, only the local Lipschitz requirement was met,
and the observer would not function for large errors in pitch angle. However, in the
generally conservative flight characteristic of an autopiloted UAV, θ and θ̂ will always
be small, so the observer is appropriate.

Future work on this system should include further observer developement, especially
for robustness to sensor noise and modeling error. A sliding mode observer may be
useful in this case. A more rigorous investigation of the stability of the combined PI
and SMC control may be possible as well.

Extension of this model to include lateral dynamics would be very interesting, in-
cluding design of a similar sliding mode controller and observer. If this project could
be expanded to a master’s thesis, I would like to compare the performance of my model
to the full-state simulink model in the Vehicle Dynamics Lab, and then test my con-
trollers on the full simulink model to see if they might be of use for the AINS project
for improved low-level control.

8 Appendix: UAV and controller parameters

UAV Parameters:
CE = 0.3 xE = 1.5
CL = 10 xL = 0.2
m = 10 g = 9.8
CD = 0.1 J = 3.3

Sliding mode control parameters:
K1 = 1 K2 = 2

Φ1 = 0.1 Φ2 = 0.1
β = 1

PI control parameters: Kp = 1 Ki = 0.05

Observer gain matrix:




23.2 0.33
−0.08 1.32
−19.5 0.02
0.33 3.6



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